IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Sectional operators, new integrable systems and semidirect Lie algebras

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1995 J. Phys. A: Math. Gen. 28 3511
(http://iopscience.iop.org/0305-4470/28/12/022)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 23:50

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/28/12
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen, 28 (1995) 3511-3523. Printed in the UK

Sectional operators, new integrable systems and semidirect
Lie algebras

I Mukhopadhyay and A Roy Chowdhury

High Energy Physics Division, Department of Physics, Jadavpur University,
Calcutta-700 032, India

Received 25 August 1994, in final form 3 January 1995

Abstraci. Integrable dynamical systems are constructed on semi-direct non-compact Lie
algebra SO(6) % vs, where v is the topological vector space on which the representation of
SO(6) is realized. The construction is done with the help of the sectional operators intro-
duced by Trofimmov and Fomenko. Our equations generalize those of a rigid body immersed
in a fluid and those of Manakov on SO(6). Qur equations contain the system of iwo
interacting rigid bodies immersed in a fluid, as a special case.

1. Introduction

Lie algebra is nowadays one of the most important tools for exploring the properties
of nonlinear integrable systems [1]. An interesting feature is that it can either be used
to solve the nonlinear system or it can be used to construct it [2]. An important
landmark within such attempts is the celebrated theorem due to Adler-Kostant-Symes
[3]. It has already been observed thai whether the Lie algebra is finite- or infinite-
dimensional the axs theorem can always be used to construct the integrable equation.
In this respect it may be mentioned that the complete integrability of such nonlinear
dynamical systems is always guaranteed due to the existence of Liouville’s theorem,
which demands the existence of an infinite number of conserved quantities in involution.
When the Lie algebra under consideration is either simple or semi-simple the method
has been widely discnssed and applied to several sitnations. However, some new com-
plications arise if the Lie algebra is a semi-direct one, i.e. if we consider the semi-
direct product of a Lie algebra and a topological vector space V, which serves as the
representation space of the algebra. If one considers such a Lie algebra as the starting
point then some additional complications do arise {4]. Such a situation was discussed
explicitly by Trofimov and Fomenko [5] for the case of a rigid body immersed in a
fluid. They showed that, in the case of semi-direct Lie algebra, special care is needed
to map between the dual space and the original space of the Lie algebra. If C is such
an operator, C: G*—»G on G, then the equations representing some mechanical system
on G are written as x=ad}(x), the analogue of Hamilton-Jacobi theory. Another
approach to the same problem utilizes the procedure of Hamiltonian reduction on the
cotangent bundle of the Lie Group. Such a methodology was adopted by Ratiu [5]
while discussing dynamical systems on semi-direct products of Lie algebras. The system
of equations constructed is a Hamiltonian system on all orbits of the co-adjoint
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representation. But if we do not have any condition on C then we cannot say anything
about the complete integrability of such a system.

2. Formulation

Let & be a Lie algebra and H the corresponding group: let p: A—End(V) be a represen-
tation of A in the linear space ¥; and a: H—Aut(V') the corresponding representation
of the group. Let O(x) denote the orbits of the action of the group H on V, XeV. We
now introduce the linear operator, termed ‘sectional operator’, Q: s—F, where the
vector field Xp= p(QX)X will then arise on the orbits. A very special class of sectional
operators which form a many-parameter set with two basic parameters aeV,
beKer ¢,; ¢.h=(ph)a is important for our applications. Let & be a point in the general
position in the sense that the orbit through & has maximal dimension. Let
K=Ker ¢, H be the annihilator of a, and let beK be any general element of K,
Consider the action of pb on V. Denote Ker(ph) <V by M. It is clear that ae M and
H=K+K', where K’ is the algebraic complement of K in H. We may now note that
V can be wrilten as V= M@Im(pb). If we consider the intersections, ¢, K" n M=258
and ¢, K’ n Im(pd)= R’ then we observe that ¢,K’' has been decomposed as ¢, K'=
B+ R+ P. The complementary subspace P can be chosen in many ways. We now
consider in Im(pd) the space z which is the algebraic complement of R on Im(pb), that
is, Im(pb)=z+ R'. If T is the complement of B in M, then at once we may set

V=T+B+R+Z R=(pb)”'R’

where (pb)”" is the operator which is inverse to pb on Im(pb). So K'=B+ R+ P, where
B=¢."B, R=¢;' R, P=¢;'P.
So the sectional operator O can be defined as

Q:VoH,Q: T+B+R+Z—-K+B+R+P.

By selting;
D 0 0 0
0 ¢! 0 0
o= ; ‘ i
0 0 2'(pb) 0 M
0 © 0 D

Here D is the operator generating the map T—K and D' gives Z—P. If V=H*,
p=ad*; H—-End(H*) then

o' plby=¢7" ad}. 2

3. Sectional operatoers and rigid-body dynamics

The methodology of sectional operators can be profitably used to discuss the dynamics
of a rigid body. The advantage of such a formulation is that of generalized group-
theoretic methods being used to tackle actual physical problems. To this end, let # be
a semi-simple Lie algebra, B(X, Y} be the Cartan-killing form, and f be a smooth
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function on %. Let us associate with this function a dynamical system on the cotangent
bundle T+ G of the group by extending f to a left-invariant function F defined on the
whole space TxG. Let grad f be a field which is dual to the differential df, i.e. for the
killing form we obtain B(Vf, £)=£( f). Then the Euler equations can be written as

X=[X, Vf(X)L (3)
Let ¥=S0(n) be the Lie algebra of an orthogonal group and let us take the diagonal
real matrix
Ay G
=l T At Ay i#]. (4)
0 Ay
‘We consider on SO(#) the operator W(X) =X+ X/ Then the set of equations
¥X =X, ¥X] (3)

is called the equation of motion of an n-dimensional rigid body. If we represent the
algebra SO(n) as the algebra of skew-symmetric real-valued matrices X=(x;) then
Y(X)=((A:+ A }xy). This immediately gives

W () S ©

2._,'4‘3,, g=1

Putting n=3, we find that these equations coincide with the classical equations of
motion of a three-dimensional rigid body.

We can define the analogues of the equations of motion of a rigid body on an
arbitrary semi-simple Lie algebra. We can construct 2 many-parameter set of the opera-
tors ¢: G—G not only for the complex semi-simple Lie algebras but also for their real
compact and normal forms. Then all systems described by the equations X=[X, ¢X]
are completely integrable on the orbits in general position and therefore their integrals
define complete commutative sets of functions on both semi-simple Lie algebras and
on their real forms.

To make contact with the physics more pronounced, we now turn to the equations
of inertial motion of a multi-dimensional rigid body in an ideal fluid using the formalism
of Lie theory.

Let E(n) be the Lie group of rigid motions of R". E(n) is the semi-direct product
of the group SO(n) and the commutative subgroup # of translations. The matnx
representatlon of the group E(#) has the form [7].

(x1,xz,...,x,,)Ef. (7)

The Lie algebra &(n) of the group Ef(n) is a semi-direct sum SO(n)@R”,
¢: SO(n)—End R" is the differential of the standard representation of SO(x) in R", R"
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is regarded as a commutative subalgebra, and £(x) has the matrix form

®

The commutation rule in the Lie algebra £(n) has the form

[(x: Et), (y: U)] = ([x: ,V], x(v) _y(u)) (9)

where x, yeSO(n) and u, v, eR".
If we let B(X, ¥) be the killing form on SO(») and (X, ¥), be the Euclidean scalar
product in R®, then the pairing is given by,

((x1, w1), (X2, w2)) = B(xy, x2) + (141, ). (10)

Let us identify the space £(n)* which is dual to &(n) with &(n). To complete our
formalisms we compute the form of the coadjoint action ad* under the isomorphism
E(n)* = £(n). We use the following definition of the coadjoint action,

{ad¥y, Z>=(y, ad: Z) (i)

where ad denotes the usual adjoint action in the Lie algebra. In our case, let
Y eS0(n), ueR"

yeSO(n)* = S0(r) pe(RY*=R"
then wsing (11) we obtain,

a((y, ©)(x, ) sowm =Ly, X] +3 (0w ~ur’)

a((y, v)(x, 1))|pw=—xv

where we have used the notation a(x, £)=ad¥(x), £€¥, xe@”. This incidentally shows
why our our approach is different from the usual one via the Axs theorem.

Let 4 be an arbitrary Lie algebra. The Euler equations on ¢* are the system of
differential equations *=a(x, C(x)), C: ¥*»¥ being a linear operator, a(x, £) being
the linear functional. On the orbits of the coadjoint representation ad* of the group G,
the Euler equations are the Hamiltonian ones with respect to the canonical symplectic
structure.

We are now ready to construct sectional operators for the coadjoint representation
of the algebra £(n). We have a many-parameter set of sectional operators
Q: E(n)y*—E(n) for which the Euler equations are completely integrable Hamiltonian
systems on the orbits of the coadjoint representation of the group E(r). Let us consider
in E(n)* (and hence, in £(n)) the subspace [(n+1}/2]-2

K=,§_)o R(e2;+|‘zf+2)®Ru,,c§(n) (13)

(12}

where e;; is the elementary skew-symmetric matrices, and #, the standard orthonormal
basis in R". Denote the corresponding subspace in £(r)* by K*. Let k' denote the
orthogonal complement to the subspace K in £(n) or E(n)™* with respect to the scalar
product defined earlier.
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Let ee K*, Let us consider the mapping ¢, : &(n)—E(n)*, x—a(a, x)eE(n)*. Then
P K' <K*', where K' is the orthogonal complement to K and similarly for K*'. Note
that if a is in the general position, then K=Ker ¢, and ¢,: K' =K *! is an isomorphism.
Hence, the inverse mapping ¢, : K*'— X' is defined.

Let us write £(x) as the direct sum of the linear spaces £(n) =K' @K. Following the
general method, let ae K*, beK, « being in the general position. If Z=x+ye&(n)*,
xeK*, yeKk, then we have the expression for the sectional operator as,

Qla, b, D)z= ¢, adfx+ D(»)

: , (14)
D: K*=K beingarbitrary.
We are now in a position to write down the general equations;
xo=adfe, (X) : (15)

on
F* =(SO(n) DR =SO(n)®R"

where ((a, b, D} is the sectional operator which is a noncompact analogue of the
operators ¢, . p describing the motion of a rigid body. We have O{a, &, £): E(n)* = &En).
Hence X, is defined on the space ¥*. The equations (15) can be written explicitly as:

Y=[Y, x]+5(ou' — ur’) 16)

0=—xv
where we have the explicit dependence

(x, 2)=Q(a, b, D)y, v) a7

because the operatoi' (a, b, D) has been defined explicitly, we can now say, following
reference [5], that the system of differential equations

. X = adg(a.b.D)X(X )

on the co-algebra £(r)*, written explicitly as { ) is a Hamiltonian algebra on the orbits
of the coadjoint representation ad* (E(n)). When n =3, the system coincides with the
equations of inertial motion of a rigid body in an ideal fiuid. Generalizing in the spirit -
of the above discussion, we can assert that the equations (16) describe the inertial
motion of a multi-dimensional rigid body in an ideal fluid for any ~.

For the sake of clarity, let us discuss,. although briefly, the classical equations of
inertial motion of a thtee-dimensional rigid body in an ideal fluid. Introduce a moving
frame of reference. Let u; be the components of the linear velocity of the origin in the
moving frame. Alternatively, in a fixed frame of reference, u; may be thought of as
components of the fluid velocity. Also let @; be the components of angular velocity of
rotation of the rigid body in the fiuid. The kinetic energy of the body and fluid system
has the form

T=%(A,-jm;mj+8,ju,-uj)+C,-ja),-uj (18)
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Ay, By, Cy being constants depending on the body form and the density of the body
and the fluid. Let

ar

M=(y|:y2:y3) Y= (19)
afﬂ;

L=(x;, x2, x3) xi'—"g"{- (20)
3u;

Then the inertial motion of a rigid body in an ideal fluid can be completely described
by the equations

9—1‘—’{=M><m+L><U (2}
dr
dL
—=LX® 22
o (22)

where U= (u, i, 43) and o= (@, @2, @;). For more discussion on this point and
related questions, we refer to reference [5].

Let us now outline the motivation for the present work. Although the sectional
operator technique has been used to discuss the case of a three-dimensional rigid body
in an ideal fluid, no higher-dimensional case has as yet been discussed. We therefore
present a systematic and extended investigation for a higher-dimensional case (n=26)
and construct new integrable dynamical systems. Manakov {8] has already dealt with
the pure SO(6) case. Our approach is, in a sense, a generalization of his work. Moreover,
we postulate that our equations contain the system of two interacting rigid bodies
immersed in an ideal fluid as a special case. In this way, we have also extended the
work done in [5].

Lastly, let us mention that, although the algebra SOQ(#) X V5 is a simple Inonu-
Wigner contraction of SO(7) with respect to the coordinate 7, we have not endeavoured
to tackle our problem that way, because the whole aim of the present work is to
construct new integrable dynamical systems related to some physical problem and not
merely to present some mathematical artifice. Integrability is guaranteed in the sectional
operator approach. Hence we feel that the approach we have adopted is an elegant and
useful one apart from being a natural complement to the usual methods to obtain
integrable systems like the AxNs and axs formalisms. ‘

4. Construction of Q in case of non-compact algebra SO(6) + Vi
S0(6) is the real Lie alpebra of all 6 % 6 real antisymmetric matrices [9]. Let us introduce
6 X 6 real antisymmetric matrices M, defined by
(M= 0B — Bpuc skpg=12,...,6
ie.
My=e;—e, (23)

where ¢, is the matrix with the unit element in the intersection of the ith row and jth
column and zeto elsewhere.
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The Lie algebra SO(6) is defined by the commutation relation
(Mg, M1=080,Mus— 8 oeMpr— 8 Mgt 8 pM e (24)

Lete; (L=1,.. ., 6) denote the basis vectors in the vector space V. With the represen-
tation of SO(6) introduced above we can say that ¥ is the topological vector space
on which the representation of SO(6) is realized ; of course, Vs also serves as an invariant
subalgebra of SO(6) * Vs. The role of Vs becomes quite clear in the context of our
discussion in section 3.

We start with the identification of the subspaces X and K'.

K=K*=(aiMi2+ a: M) Dases
=4@4,  (say)’ (25)
Ki=K*'=(fsMutfaMutfsMis+fs Mgtz My + fs Mas+ fo Mo
+fioMas+ frt Mas+ fr2 Mg+ fis Mas + f1a Mas+ fis Miss)
@ (1) T usen + ez + uaeq + uses)
=F@F, (say). (26)

If we denote by the letier ‘e’ the element of general form €K and f denotes the corre-
sponding element €K', then we get at once

a'dzfz([Fl:Al]']"%(FzAé_AzFE), '—A;Fz) . (27)
—auz
a1
A -
=( -u)@ aaliz (28)
v £ olts
0
0

where (A, g, v, €) each is given 3 x 3 matrices written below:

0 0 —(fatr+ fom)
A=l 0 0 ~fuata f (294)
Stz —fra tfaan 0

ﬁsal —ﬂ’zf3 "f4¢1 —a’zﬁ 0
v= oy ~fsa) T (29b)
o —5may  —fear—%usas  frata—tuas

fim—famy  —fori  —fie +iua
U=ji famta fs  arfs a, fo+ st . (2%¢)
0 —f,3a2 —f14a2+%u3a3
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and
0 fug:  fagarius
€= —fnaz 0 Filsdy . (294d)
"'fizaz - %u‘zas - %usas 0

Let us now consider two general elements b X and xeK' with the structures given in
equations (25) and (26). For example, b is written as

b=(by M2+ b M3;)Dbses= B, B B,. (30
Similarly, two parts of x are denoted as X, and X,. Whence we get
dolx)=adtb=([B), Xi]+3(B: X3~ X2B5), —X 1 Bs) (31)

which can immediately be evaluated as in equation (27). We at once obtain

&' ad:f=(j: Q)@(") (32)
S/ g

where (P, Q, R, §) each is a block of 3 x3 matrices and p, g are three component
vectors, all given below:

0 0 L fim o fo
p= 0 0 Mfot A fy (334)
=(Afi—hfs) —(fatiafr) 0

MfatIafi —f% z
1 3

o=| Mfi-np S ~Zu (338)

by b;

0 —'ﬁlg—:’ gu.;
~(Mmfatlafr) —(Mfi=2fs) 0
a;

r=| 3 Py Iy, (33¢)

s=| fs2 o 0 (33d)
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ay by a3
o puil —_— —yy =
( bs (fm b u,) “ b;

3
a) b; ) ds
=) —2—| fot—tn|—th—
P bs (ﬂ’: by 2 zb3
az bg ) [71
2— Sy |tz —
\ by (fm by 3 3 b,
[25) bz ) a3
—-2—= +—ua |y~
( b (f” 5" "%,
q= u@u
By
\ 0
where
agbz_‘ﬂ1bt albz—azb.
A, =2 Ft d e ol
TR an =

So finally the form of the sectional operator (Xa, b, D} is given by

Qa, b, Y FOFRI=C®0:

where
Or=(asfi+ B3 fot Vsus)es
and
I] }2
le(Qf’ QF)
where each 0 is a 3 x 3 matrix, as given below,
0 aitB fatyius Mfi—Aafs
Q' =| —{a fi+ B fa+ yius) 0 Lafatd fr
=M fs— A2 fe) —(Aafat i f7) 0
Mithfi A2 Fu
1.4 7 5 bl b3 2
12_ A e I .
L 1A fa fgb; b, t
axfitBafot yats —fu i @H‘g
b b
—(Mfatdafr) —(hifs—Aaf) —(aafi+Bafat vane)
a a da ’
l21 = f; b] ﬁ b; f” bz
a a [£4)

3519

(33e)

(33)

(34)

(35)

(36)

(37a)

(37b)

(37c)
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0 — ——
flsb2 b3u3
7| £, 2 o | (374)
by
Zu 0 0
b,

Thus all equations above are crucial in the construction and presentation of the sectional
operator Q(a, b. D).

5. Dynamical system

The integrable equation of motion can therefore be written as
f= ad%(o,s,0)(F)
=([F, Q) +2(Fa0h— Q2 F2), — Q1 F). (38)

Evaluating the right-hand side of this equation explicitly with the expression for @ given
above, we obtain the equations for the dynamical system constructed on SO(6) x V; via
the sectional operator approach.

iy = —uafay fi+ Bifat yite) ~us( i fi— Ao fo) —ua(Ay fo+ Ao f3)

a ay
& = 39
-+ 3 fstis b Unllg (39a)

th="twu(a 1+ Brfatitte) ~wAa fat A f) —ua(Ai fy— Aa 1)

+ 2 fots+ 2y (395)
b b3

iy =uy (A fs— Az fo) +12(Qa fa+ Ay f7) —ual@a fi + B fok vatts)

a7 [453
i) = 3
bz f][us b3 Ul ( 9C)

ds=wui(A fat Az f7) (s o — a f3) Y es(aa i + Ba fo+ 7o)

+22 frus+ 2 usns (394)
by by
. a (5] a
s =— 1y fs+— 1o fo b — fnus"'f‘%flsu‘t (3%)
bl b] 52 bz
th,=0 399

f=0 £=0 ' (39g)



Sectional operators and new integrable systems 3521
F=fiafot 2 fry—f@sfi+ Bofot vaue) —flas fi+ By fot i)

ay a

+fz(ﬂxﬂ+ﬂaﬁ)+(z-—b-)fsﬁn + 22 Gy fra— e 5)
2 1 b3

d_l [J] - a;),bz
b3

+§—'(uzﬁ2~u3ﬁo)+ it (39%)
3
Ji=fith fam A f) =i fi— A fo) H @2 fih Bafot vag)—filen fi+ B fot )

RSt =5 fofirt S e fumtafio)

Hiitly . i ] (39
fs= —fﬂ(‘l]f3 - lzfs) —fua(ds fat A2 J7) ~fola fi+ B fot Y:ue)
~fife 4 (fsfu +f4ﬁ3)95""?*l (22 f1s— us fio) "f“@ s (39)
b by b3 b3

Fo=—f120a fi= A f) — il fa¥ Do ) ~fiolas fi + B ot Vi)

a [4 44
+auas i+ Bafot yau) +fs fis b—]"‘b—z (fatta = farz) —'I')‘l (fur +ug fro)
[ 3 3
1 [£3 a']b;
‘+‘-2- b_3 M]HG"E"_b% U ilg | (39k)

Fr= =i fim R f) + i fo= A f3) = Fol o fi + Ba fort yatte)
+falo i+ B1 o+ 1te) +% fofn —‘;—: fofi +§f (2 fra— s fio)

. b~
+% (u;:,_fs‘—u;f]z)'}‘al—l‘az—az'?z Uatty (39!)
2 3

fo= Al fat 2o f) —FrQn fat Au 1) Hf5(@afi+ Bafot ¥akte)
+halafi+Brfat v+ (?"g—:)fs‘fu

) b —ab
+53(u;j]g—-uzflz)+ﬂ(u4j;—-u[ﬁ4)+g-'—'—2a2—3 tyliy - (39m)
b3 b3 b3
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o=l frt R ) =~fial i~ b ) Sanfi+ Bufo v + 5L iy
&
-2 (fifinthsfis) +2L (usﬁ,-u[f,s)+a]—2'- Uails
b, bs b

Fro=—fialh fi+ A fo) = Fislhn fam Aa fo) 1 r fi & B o+ y1t6)

+hus(@s fit Bafot ysts) +isfo ot 2 (g fo— v fi)

by, b
a; ab
+22 (4 f7— 43 o+ Siaths) —3+'—21- Ualls
b3 bz. b3

Fu=fa fi—Aafe) + (A fot A 1) —frs(aa fr + Bafot Yatts)
PO Tt o= st 2 fismus i)+
. b, by b3 b;;

Jr=fsA fi= Ao fo) + frolAafat Ay f3) = fral@z i+ B o+ ¥aue)

+ius(as i+ Bafart yaue) +ag]' (s f7— 12 f3) —% (ﬂafz“'iﬁefl«;)
3 3

(72} as azbz
+— 5 = tzus+—— tslis
bzf“f' op, BHet s

Jis=fsCu fat i )+ o= R fi) Hhularfit+ Bafot yaue)

b
+ B LSt IV E fofirt 2 (us fra—s i) + o it
b b b bs

fra=Js( fat 2o [2) + frolA fo— Ao f3) + fralo2 fi+ B2 fay )

+% (@3.fi + Bsfot vsus) +hisfis ?“‘gi (u; fo—uafa)
3

2

a (753 azbz
+2 (g fra— taf3) +gttas 5+ 5 ugths
by b3 3

fis="% (@ i+ Ba b vste) + 2 (i fo=1af+ 5 s fra= s i)
3 3

S Sl i ~E St fiafid +é 2 st

(39%)

(3%0)

(3%}

(399}

{399

(39s)

(395

So we have 21 coupled nonlinear equations which reduce to those of Manakov for

n=40 and if all #;=0.

5. Discussions

In our above analysis we have shown how extended dynamicai systems can be con-
structed on non-compact Lie algebras, keeping intact its integrability property. This
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approach depends on the construction of the sectional operator introduced initially by
Fomenko and Trofimov. Our equations give 2 generalization of those of Manakov for
pure SO(6) and also those of a rigid body immersed in a fluid which deals with the
case SO(3)x V3. The Hamiltonian of the present system is given by the invariant
{f, Ola, b, DY(f)> and from its explicit structure it is not difficult to read off the
Poisson structure. o
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